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WEAKLY ALMOST PERIODIC BANACH ALGEBRAS ON 

SEMI-GROUPS 

BAHRAM KHODSIANI, ALI REJALI 


Abstract. Let 'WAV{A) be the space of all weakly almost periodic func¬ 
tionals on a Banach algebra A. The Banach algebra A for which the natural 
embedding of A into 'WAV{A)* is bounded below is called a WAP-algebra. 
We show that the second dual of a Banach algebra A is a WAT^-algebra, un¬ 
der each Arens products, if and only if A** is a dual Banach algebra. This 
is equivalent to the Arens regularity of A. For a locally compact foundation 
semigroup S', we show that the absolutely continuous semigroup measure al¬ 
gebra Ma{S) is a WAP-algebra if and only if the measure algebra M}}{S) is 


1. Introduction and Preliminaries 

The dual A* of a Banach algebra A can be turned into a Banach A—module in 
a natural way, by setting 

{f ■ a,b) = {f,ab) and {a ■ f,b) = {f,ba) {a,b G A, f € A*). 

A dual Banach algebra is a Banach algebra A such that A = (A*)*, as a Banach 
space, for some Banach space A*, and such that A* is a closed A—submodule of 
A*] or equivalently, the multiplication on A is separately weak*-continuous. It 
should be remarked that the predual of a dual Banach algebra need not be unique, 
in general (see ElE]); so we usually point to the involved predual of a dual Banach 
algebra. 

A functional f G A* is said to be weakly almost periodic if {/ • a : ||a|| < 1} 
is relatively weakly compact in A*. We denote by WAV (A) the set of all weakly 
almost periodic elements of A*. It is easy to verify that, WAV{A) is a (norm) 
closed subspace of A*. For more about weakly almost periodic functionals, see [7]. 

It is known that the multiplication of a Banach algebra A has two natural but, 
in general, different extensions (called Arens products) to the second dual A** each 
turning A** into a Banach algebra. When these extensions are equal, A is said 
to be (Arens) regular. It can be verified that A is Arens regular if and only if 
WAV {A) = A* ■ Further information for the Arens regularity of Banach algebras 
can be found in [6112]. 

kVAP-algebras, as a generalization of the Arens regular algebras, has been in¬ 
troduced and intensively studied in [8]. Indeed, a Banach algebra A for which 
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the natural embedding of A into WAV {A)* is bounded below, is called a WAV- 
algebra. It has also known that ^ is a >V.47^-algebra if and only if it admits an 
isomorphic representation on a reflexive Banach space. If „4 is a W^T^-algebra, 
then WAV{A) separate the points of A and so it is a;*-dense in A*. 

It can be readily verified that every dual Banach algebra, and every Arens reg¬ 
ular Banach algebra, is a WAT^-algebra for comparison see [14]. Moreover group 
algebras are also always WAT^-algebras, however, they are neither dual Banach 
algebras, nor Arens regular in the case where the underlying group is not discrete, 
see [5] Corollary3.7] and [THIdIj. Ample information about WA'P-algebras with 
further details can be found in the impressive paper [8]. 

The paper is organized as follows. In section 2 we introduce some algebraic 
and topologic properties of kVAT^-algebras. How to inherit the weakly almost 
periodicity of Banach algebras to the ideals, quotient spaces, direct sums and by 
homomorphisms are studied. We show that the second dual of a Banach algebra A 
is a WA'P-algebra, under each Arens products, if and only if A is Arens regular. 
In section 3 we deal with a locally compact foundation semigroup S', we show that 
the absolutely continuous semigroup measure algebra Ma[S) is a WA'P-algebra if 
and only if the measure algebra Mi,{S) is so. 

2. Some algebraic and topologic properties of WAP-algebras 

N. J. Young turns out a Banach algebra A admits an isometric representation 
on a reflexive Banach space if and only if the weakly almost periodic functionals of 
norm one determines the norm on A. The following proposition provides a property 
qualification of WA'P-algebras. 

Proposition 2.1. Let A he a Banach algebra. Then the following statements are 
equivalent. 

(i) A is a WAV- algebra. 

(ii) There is a reflexive Banach space E and a bounded below continuous rep¬ 
resentation TT : A ^ B{E). 

(hi) There is a dual Banach algebra (or WAV-algebra) and a bounded below 

eontinuous homomorphism (f> : A ^ 

Proof. (i)=j>(ii): The canonical map i : A ^ WAV (A)* is bounded below and 
WAV{A)* is dual Banach algebra. According to [HI Corollary3.8] there is a reflexive 
Banach space E such that tt : WAV{A)* —>■ B{E) is an isometric representation. 
So TT o i : A —>■ H {E) is a bounded below continuous representation. 

(ii)=> (hi) Trivial. 

(hi)^ (i): Let t : A —>■ WAV{A)* be the canonical map. Suppose that S is 
a dual Banach algebra and ^ : A is a bounded below homomorphism, then 

(fflWAVi^)) c WAV{A). Also: 

lk(a)ll = sup{|/(a)| : / e >VAP(A) and ||/|| < 1} 

> sup{\<)* {g) {a)\ : g GWAV{^) and ||((>||||g|| < 1} 

= 77 ^||^!'(a)|| (since —;■ WAVifS)* is isometric) 

lid’ll 

So L is bounded below. □ 

Corollary 2.2. Let ||.||i and ||.||2 be equivalent norm on algebra A. Then (A, ||.||i) 
is a WAV-algebra if and only if (A, II.II 2 ) is so. 
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Proof. Since the identity map is bounded below, it is an immediate consequence of 
proposition 12.11 (iii). □ 

By above corollary, it is convenient to suppose a WAV-dlgehm A has an isomet¬ 
ric representation on reflexive space E. This can clearly be achieved by renorming 
A by ||a||i = ||7r(a)||, (a G A) where tt is a bounded below representation on E. 

Corollary 2.3. Let A be a yVAV-algebra and ^ be a closed subalgebra of A. Then 
^ is a WAV-algebra. 

Proof. Since the inclusion map is bounded below, it is an immediate consequence 
of proposition [2T] (iii). □ 

Proposition 2.4. Let E be a Banach space. Then the following statements are 
eguivalent: 

(i) B{E) is a dual Banach algebra. 

(ii) b\e) is a WAV- algebra. 

(hi) E®E* C WAV{B{E)). 

(iv) E is a reflexive Banach space. 

Proof. (i)=4> (ii) It is trivial. 

(ii) ^ (iv)If E ^ {0} is not a reflexive Banach space, then WAV{F{E)) = {0} 
(see [H] Theorem 3). Thus WAV{B{E)) can not separate the points of F{E) and 
so B{E). Thus it’s not a WAV-algehra.. 

(iv)=> (i)Let (Tq) be a net in B{E) an T, S' G B{E) such that Ta T. Then 
for T = ® Cn in E^E* , predual of B{E), we have: 

OO 

<st^,t> = ^ <sr„(e„),c; > 

n—1 

OO OO 

= E < Tc.{u,s*io E < > 

n—1 n—1 

OO 

n—1 

And similarly < TaS,T > —>■< TS,t >. Hence the multiplication on B{E) is 
separately i(;*-continuous and B[E) is a dual Banach algebra. 

(iii) => (iv)If E {0} is not a reflexive Banach space. Then WAV{B{E)) = 
{0}([IH1 Theorems]) and E^E* = {0}. This is a contradiction. 

(iv) =4> (iii) See [M Theorem 1]. □ 

The Proposition l2.11 iiiWith Corollary 12.31 shows that a WAP-algebra A is iso¬ 
morphic to a closed subalgebra of a dual Banach algebra, so it is convenient to 
suppose that a WAP-algebra is norm closed subalgebra of some dual Banach alge¬ 
bra. This can be achieved by redefining suitable norm. 

A large class of WAP-algebras are semisimple cummitative Bananach algebras. 
We refer to m for this kind of algebras. 

Proposition 2.5. Let A be a semisimple cummitative Bananach algebra, then A 
is WAV-algebra. 
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Proof. Since A(yl) C WAP {A) and A(^) seprerates the points of A and ||a||i = 
sup{|/(a)| : a G A(^)} is a Banach norm on A. We know that every Banach 
norm on semisimple Banach algebras are equivalent ([I3])- Thus ^ is a WAP- 


algebra. 


□ 


Let G be a locally compact group and w is a Borel-measurable weight function 
on it. Then the Fourier-Stieltjes algebra B{G) and the weighted measure algebra 
Mb{G,ijj) are dual Banach algebras, also the Fourier algebra A{G) and L^{G,uj) 
are closed ideals in them respectively. Hence all are WAV-Agehras. 

Let {A,A^:) be a dual Banach algebra and I is an ideal in A, we define the 
annihilators: 


= {f ^A* ■. f{i) = 0, for all i G /}, ^I = {feA,: f{i) = 0, for all i G /}. 

It is easy to see that (■'■/)■'■ is the a;*-closure of I in A. 

Let \\a\\wAV(A) = sup{|/(a)| : / G yV^T’(^), ||/|| < 1}. Clearly \\.\\wAV{A) < 


||.||. The following lemma show that whenever the seminorm H-HwA'PCA) could be 
a norm on A. 

Lemma 2.6. Let A he a Banach algebra. Then the following eonditions are equiv¬ 
alent. 

( 1 ) W.47^(.4) separates the points of A. 



(3) yVAV{Af‘"^’’’^'’ =A* 


(4) ll•llwA 7 ^(A) ® norm on A. 

Proof. Clearly (1) and (4)are equivalent. 

(1) =>(2). Let 0 X £ A. Then there is a / G WAV{A) such that f{x) ^ 0. 
Thus a; ^ ^{WAV{A)), so ^{WAV{A)) = { 0 }. 

(2) ^(3). ^* = 0-L = {^{WAr{A))^ = WAV{Af . 

(3) ^(1). Let yVAT’{A) = A* then for 0 7 ^ x G .4 there is a f G A* such that 

/(x) 7 ^ 0 . Let fa G WAViA) convergent to / in w* topology then there is an 
index a such that /a(x) 7 ^ 0 so WA'P{A) separates the points of A. □ 

By using |181 Theorem 1] and the previous lemma, the following is immediate. 

Proposition 2.7. The following statements are equivalent. 

(1) A is WAV-algebra. 

(2) WAV(A) separates the points of A and ||.||wA'P(A) and ||.|| are equivalent. 

Theorem 2.8. Let A = (.4*)* be a dual Banach algebra. Let I he a closed ideal in 
A, then the following statements are equivalent. 

(i) Y is a dual Banach algebra with respect to ^I. 

(ii) I is uj*- closed ideal in A. 

Proof. (ii)=^(i) Let / be uj*- closed ideal in A. Then 


A A A 



For X G .4 and / G .4* we define the module action of y over by (x + /)./ = x.f 
and /.(x + J) = f.x. It is routine to check that this module actions are well defined 
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and y C (^/) and (^/).y C (-*-/), so y is a dual Banach algebra with respect 
to 

(ii)=^(i). 4 = ^ ^ thus ijr = i^r- So ^(/^) (ry 

and thus I = T^ □ 

In the next theorem ^ is a WAV-algehra,, so we suppose that ^ is a closed 
subalgebra of yVAV{A)*. 

Theorem 2.9. Let A be a WAV- algebra. 

(i) Let L be a ct(^, >V.47^(.4)) closed ideal in A, then y 'Is a WAV- algebra. 

(ii) Let ^ be a Banach algebra and ip : A ^ “IB be an onto continuous homo¬ 
morphism, then ^ is a WAV- algebra. 

Proof. (i)Let tt be the canonical map from A onto A/I. It is well known that 
TT* : {A/I)* —5- A* is an isometric isomorphism onto it’s rang We conclude 
from latter isometry that, WAV{A/I) = WAV{A) fl /-*- is the predual of / in the 
dual Banach algebra WAV{A)*. / is a w*-closed ideal of WAV{A)* with respect 
to both Arens products. So 

WAV {A)*/I ^ WAV{A/I)* 

Since A is a WAV-a\gehm, then A/1 is a closed subalgebra of WAV{A)*/1 and 
so it is a WA'P-algebra. 

(ii) Let I = ker(i^), then I is closed ideal in A and A/1 = isometrically 

isomorphic. Thus by (i) the Banach algebra is a WAT^-algebra. □ 

Let A © 18 denote the direct sum of Banach algebras A and 18, and endow it 
with coordinate wise operation. 

Lemma 2.10. (i) If A and *8 are WAV-algebras, then A © *8 is WAV- 

algebras as well. 

(ii) If A and 18 are dual Banach algebras, then A © 18 is dual Banach algebra 
as well. 

(hi) If A and 18 are Arens regular Banach algebras, then A© 18 is Arens regular 
as well. 

Corollary 2.11. Let A^ be the unitization of A. Then: 

(i) ^ is o WAV-algebras if and only if A^ is WAV-algebras as well. 

(ii) A is a dual Banach algebras if and only if A^ is dual Banach algebra as 
well. 

(iii) A is Arens regular Banach algebras if and only if A^ is Arens regular as 
well. 

Theorem 2.12. Let A be a Banach algebra and I is a closed complemented ideal in 
A. If I and y are dual Banach algebra [respectively, WAV-algebra, Arens regular 
Banach algebra ], then A is a dual Banach algebra [respectively, WAV-algebra, 
Arens regular Banach algebra [. 

Proof, (i): Let I = E* (respectively y = F*) where E (respectively F) is an 
/-bimodule (respectively y-bimodule). Suppose that A^, := E (B F. Then A* = 
{E (B F)* = E* (B F* = I (B Y — A. We can regard A^. as an A-bimodule by 

a./i := (x./xi, 7/./X2) and fi.a := {pi.x, fj,2-y) 
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where a = {x, y) and y = {fii, ( 12 ), x € I,y G & E, 112 G F. 

(ii) :Suppose that / is a closed subalgebra of }VAV{I)* and y is closed subalge¬ 
bra of WAV{A)*/I^ = WAV{A/I)* then = / © y is a closed subalgebra of 
WAV{I)* © yVAV{A)*/I‘^\ So ^ is a WAV-algehra. 

(iii) : Suppose that WAV{I) = I* and WAV{A/1) = {A/I)*. Then ^* = (/© 
f)* ^r©(A)* '^WAV{I)®WAV{^) ^WAV{A). The last equality is a result 
of iterate limit argument. Let F G WAV)!) (BWAV)^) and (a;„,y„) ,{am,bm) are 
sequences in unit ball of I © y. Then F = (/i,/ 2 ) such that fi G WAV{I) and 
/2 G WAV{y). So that 

limlimF(a;„, = (limlim/i(a;„am),hmlim/ 2 (?/„&m)) 

n m n m n m 

= (lim lim /i(x„am), limlim f 2 {ynbm)) 

m n m n 

= \im\imF{xn,yn)-{am,bjn) 

m n 

and F G WAV {A). □ 

Let X and Y be Banach spaces and T : X* —>■ T* be a bounded operator. Recall 
that the following conditions are equivalent: 

(i) T = S*, for some bounded operator S : Y -G X. 

(ii) T*{Y) C X. 

(iii) T is a;*-a;*-continuous operator. 

We now state the main result of this section. 

Theorem 2.13. Let A be a Banach algebra. Then the following statements are 
equivalent: 

(i) A is a Arens regular Banach algebra. 

(ii) (.4**,n) is a dual Banach algebra. 

(iii) (.4,**,0) is a dual Banach algebra. 

(iv) (.4,**,n) is a WAV-algebra. 

(v) (.4**,0) is a WAV-algehra. 

(vi ) -4 is a WAV- Banach algebra and WAV {A) is a ui*-closed set in A*. 

Proof. If A is Arens regular, then by [TJ Proposition 1.2] A** is dual Banach algebra 
so(ii) and (iii) are equivalent. By [T^ Theorem 4.10] there is a reflexive Banach 
space E such that A and also A** are closed subalgebras of B{E). Hence A** is a 
WAT’-algebra. Thus (i)^ (ii)^ (iii)^ (iv) were established. 

We show that if A** with either Arens product has a representation on a reflexive 
Banach space then it is a representation with another Arens product. Thus the 
equality (iv)<t4> (v) was established. Let tt : (A**,n) —>■ B{E) be an isometric 
representation on a reflexive Banach space E (See corollar d2.2l and explanations 
after it). By |S1 Proposition 4.2] tt is w*-w*-continuous. Let e A** and (a„) 
and {bp) be nets in A that a;*-convergening to $ and 4', respectively. Then for each 
T e E^E* 

<T, 7r($n4')> = limlim < T, 7r(aQ) o 7r(&fl) > 

O' (3 

= lim lim < T,TT{aa) o Trfbp) > (since r G WAV{B{E))) 

P a 

= < T,7r($04') > 
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So 77 : {A**, 0) —S’ B{E) is an isometric representation. Similarly for another Arens 
product. 

(v) => (i)Let (A**,0) is a WAT’-algebra. Then there is an isometric represen¬ 
tation 77 : (A**,0) — B{E), for some reflexive Banach space E. Hence by above 
equalities, 

7 r(iE' 0 <I>) = 77(111) o 77 (<i)) = 77 (il'n<i)) ($, Ip e A**) 

Since 77 is injective, we conclude A is Arerns regular Banach algebra. 

(vi) =^ (i) Let A be a WAP-algebra and yVAV{A) be a a;*-closed set in A*. By 

lemmal^W./LPMf^'^ = A* = WAV {A). 

(i)=^ (vi) Let A be a a regular Banach algebra. Since A is a closed subset of 

A**, A is a WAP-algebra. and WAV{Af^'^ = A* = WAV{A). So WAV{A) 
is a a;*-closed subset of A*. □ 

Proposition 2.14. A** is a Arens regular Banach algebra if and only if A is a 
Arens regular Banach algebra and WAV{A**) = >VAP(A)**. 

Proof. Let A** be a Arens regular Banach algebra, then WAP(A**) = A***. Also 
A is a closed subalgebra of A** so it is Arens regular Banach algebra. Thus 
WAP(A) = A* and so WAP(A**) = WAP(A)**. 

Conversely, let A be a Arens regular Banach algebra then WAP(A) = A*. Thus 
WAViA**) = WAP(A)“ = A***, and so A** is Arens regular. □ 

There exists a Banach algebra A such that A is Arens regular, but A** is not 
Arens regular (see [Z])- 

Examples 2.15. (1) Let S = (N,min). Then ii{S) is a WAV-algebra, but 

the second dual isn’t so. 

(2) Let S = (N,max). Then £i{S) is a dual Banach algebra, but the second 
dual isn’t so. 

( 3 ) Let S be infinite zero semigroup, then is a dual Banch algebra but 

£i{S) isn’t so. 

3 . ABSOLUTELY SEMIGROUP MEASURE ALGEBRAS 

Following [3], a semitopological semigroup is a semigroup S equipped with a 
Hausdorff topology under which the multiplication of S is separately continuous. 
If the multiplication of S is jointly continuous then S is said to be a topological 
semigroup. We write for the commutative algebras of all bounded complex¬ 

valued functions on S. In the case where S is locally compact we also write C{S) 
and Co (5*) for the closed subalgebras of £00 (S') consist of continuous elements and 
continuous elements which vanish at infinity, respectively. We also denote the space 
of all weakly almost periodic functions on S by WAV(S) which is defined by 

WAP(S) = {/ e C(S) : {Rsf : s € S} is relatively weakly compact in C(S)}, 

where Rsfit) = f{ts), {s,t € S). Then WAV{S) is a closed subalgebra of C(S). 
Many other properties of WAP(S) and its inclusion relations among other function 
algebras are completely explored in [4]. 

Let Mf,(S) denotes the Banach space of all bounded complex regular Borel measures 
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on S with the total variation norm. Then Mb{S) with the convolution multiplication 
= 1 = defined by the equation 

(pi*z/,/)= /" f f{xy)dii{x)dv{y) {f e Co{S)) 

Js Js 

is a convolution measure algebra as the dual of Co{S). 

Let y G Mb{S) and let L°°{\fi\) be the Banach space of all bounded Borel- 
measurable functions on S with essential supremum norm, 

ll/ll^ = inf{a > 0 : {a: e 5 : |/(x)| > a} is |^|-null}. 

Consider the product linear space n{L°°(|/r|) : /a G Mb{S)}. An element / = (/^) 
in this product is called a generalized function on S if the following conditions are 
satisfied: 

(1) ll/lloo = sup{||/||^ : fj. G Mb{S)} is finite. 

(2) a e Mb{S) and \y\ < |z/|, then = f^, |/r|-a.e. 

Let GL{S) denote the linear subspace of all generalized functions on S. Then 
Mb{S)* is isometrically isomorphic to GL{S), see [TS]. We identify Co{S) with 
its image by canonical map l : Co{S) GL{S). The w*-topology on GL{S) is 
a{GL{S), Mb{S)). Let A be a convolution measure algebra in Mb{S), i.e. a norm- 
closed solid subalgebra of Mb{S). In other words, for all /x G Mb{S) and v £ A 
such that 1^1 <§; |z/|, we have y £ A. The space of all measures y £ Mb{S) for which 
the maps x ^ 5^ * \y\ and x i-A |/x| * 5x from S into Mb{S) are weakly continuous 
is denoted by Ma{S) , where 5^ denotes the Dirac measure at x. Then Ma{S) is a 
closed two-sided L-ideal of Mb{S) ; see Baker and Baker [3] or Dzinotyiweyi m- 
The locally compact semigroup S is called foundation if , Fa{S), the closure of the 
set 

U{supp{fi) : fj, £ MaiS)} 

coincide with S . 

Let F and K be nonempty subsets of a semigroup S and s £ S. We put 

s~^F = {t £ S : st £ F}, and Fs~^ = {t £ S : ts £ F} 

and we also write s~^t for the set FK~^ for U{Fs“^ : s £ K} and K~^F 

for U{s“^F : s £ K}. 

The authors and H.R. Ebrahimi- Vishki in [14], for a locally compact topological 
semigroup S showed that Mb{S) is a WAT’-algebra if and only if the canonical 
mapping R : S —> gwap jg |.p where 5'““^ is the weakly almost periodic 
compactification of S. In this section we show that for a foundation semigroup S', 
this is equivalent to Ma{S) is a WAT’-algebra. 

The following theorem is the main result of this section. 

Theorem 3.1. Let S be a foundation loeally compact topological semigroup with 
identity. Then Ma{S) is a WAV-algebra if and only if Mb{S) is so. 

Proof. If Mb{S) is a WA'P-algebra then Ma{S) is a closed subalgebra in it, so 
Ma{S) is a WA'P-algebra. 

As the proof of lemma 1.8 m p.l6] for all Xi,X 2 £ S with xi X 2 there is 
pL £ Ma{S) such that 

Sxi* ^X2 * M- 

Let Ma{S) is a WAT’-algebra, then for all p £ Ma{S) we have ||/x|| = sup{|(/, p)\ : 
ll/ll < 1,/ e WAV{Ma{S))] and by [HI Theorems.?] WAV{S) = WAV{Ma{S)), 
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SO ||/i|| = sup{|(/, fJ,)\ ■ WfW < I, f G WAViS)}. Thus there is a / e WAViS) such 
that 

^ {^2 

Thus Rxi 7 ^ Rx2 ■ This means the canonical mapping R : S —> gwap jg 

where 5'““^ is the weakly almost periodic compactification of S. By [Ml Theorem 

3.1] Mb{S) is a WM'P-algebra. □ 

By using m Theorems. 1] and the previous Theorem, the following is immediate. 

Corollary 3.2. Let S be a foundation semigroup. The following statements are 
equivalent. 

(1) Ma{S) is WAV-algebra. 

(2) £i{S) is a WAP-algebra. 

(3) Mb{S) is a WAV-algebra. 

By using [121 CorollaryS] and Theoreii l2.131 the following is immediate. 

Corollary 3.3. Let S be a foundation semigroup. The following statements are 
equivalent. 

(1) Ma{S)** is WAV-algebra. 

(2) £i{S)** is a WAV-algebra. 

(3) Mb{S)** is a WAV-algebra. 

The next example shows that in Theoren l3.ll the condition S be foundation 
semigroup can not be omitted. 

Examples 3.4. (a) Let S be a locally compact semigroup. IfCo{S) C WAV(S) 

then Ma{S) is a WAV-algebra. 

(b) Let S be a compact semigroup, then Ma(S) is a WAV-algebra. 

(c) Let 5" = and {x,y).(a, ft) = {ax, ay + /3) with the standard Euclidean 
topology. Then Ma{S) = {0} and so S is not a foundation semigroup. Ln 
fact, let Xn = (0,1 + i), xq = (0,1), K = [-1,1] x [-1,1] and p G Mf{S). 
Then Kxf^ = 0 and Kxff^ = S. Then by continuity of p, we have 0 = 
\p\{Kxf^) -G \p\{Kx^^) = IIa^II. Ma{S) = {0}. 

Let f G Co{S) and /(O, c) 7 ^ 0 for some c G R.. Suppose On = (0, n) and 
bm = (1,7m) where 7m is on the line y = —nx + c. Then 

limlim/(a„&m) = /(O, c) 7 ^ lim lim/(a„&rn) = 0 

n m m n 

So by examining the iterate limits we certify that f ^ WAV{S). Thus 
WAV{S) does not separate the points ofY and so Mb{S). This show that 
the map R : S ^ gwap Therefore Mb{S) isn’t a WAV- 

algebra ( see |14j also) but clearly Ma{S) is a WAV- algebra. 

Acknowledgments. This research was supported by the Center of Excellence for 
Mathematics at the Isfahan university. 
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